Non-Linear Dynamics in Thermal and Reactive Fluid Flows  by Ueda, Toshihisa
 Procedia Engineering  56 ( 2013 )  849 – 856 
1877-7058 © 2013 The Authors. Published by Elsevier Ltd. Open access under CC BY-NC-ND license.
Selection and peer review under responsibility of the Bangladesh Society of Mechanical Engineers
doi: 10.1016/j.proeng.2013.03.206 
5th BSME International Conference on Thermal Engineering 
Non-linear dynamics in thermal and reactive fluid flows 
Toshihisa Ueda* 
Keio University, Department of Mechanical Engineering, 3-14-1, Hiyoshi, Kohoku-ku, Yokohama 223-8522, Japan 
Abstract 
Fundamentals of non-linear dynamics in thermal and reactive fluid flows are presented with some recent topics.  The concept of phase 
space, attractor, dimension, Poincare section will be summarized.  The mixing and reaction in a high viscous fluid in an eccentric flow 
system of outer cylindrical vessel and inner cylindrical rod is discussed experimentally and numerically. The very slow alternative motion 
of the outer vessel and inner rod induces the chaotic motion with stretching and holding of fluid element without any turbulence and 
perturbations which enhances the mixing.  The results show that there are two regions: one is a well-mixed region, that is a chaotic region, 
and the other is hardly mixed island region, that is a regular region. The experimental results of complex mixing and reaction patterns 
coincide well with numerical results not only qualitatively but quantitatively. This indicates that the complex phenomena observed is not a 
random one but the deterministic one even though the phenomena observed is very complex.  The mixing in the static mixer, Kenics type 
static mixer, is discussed which shows the chaotic mixing in the steady state flow system by elements installed in the mixer. The results 
show that the elements with simple structure make stretching and holding effectively and then the mixing is enhanced extensively. The 
non-element mixing devices are discussed as well. The results show that the periodic flow variation makes the similar effect of the 
elements in the static mixer. A short term forward prediction is also demonstrated, using a Bunsen flame with burner rotation.  When the 
burner is rotated, the flame tip starts to oscillate significantly because of the effect of the centrifugal force.  When the rotating speed is 
increased, the oscillating motion becomes complex from a limit cycle to chaotic motion. The results demonstrated that the short term 
forward prediction can be done by using a concept of the chaotic dynamics.  Through these interesting topics, I would like to emphasize 
the importance of non-linear dynamics, especially chaotic dynamics, in the thermal and reactive systems.  
© 2012 The authors, Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Bangladesh Society 
of Mechanical Engineers 
Keywords: Non-linear dynamics; chaotic motion; reactive system 
Nomenclature 
Yi mass fraction of species i
T temperature (K) 
U jet velocity (m/s) 
t  time (s) 
v velocity (m/s) 
x, y, z special coordinate 
yf flame tip location 
Greek symbols 
i rotational angle of inner rod 
o rotational angle of outer cylinder 
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1. Introduction 
Mechanics of thermal and reactive flows is getting important in relation to Energy and Environmental issues.  In many 
devices, such as engines, furnaces, chemical reactors, fuel cell, medical devices and so on, chemical reaction occurs with 
thermal, mass and momentum transfer and then the thermal and reactive fluid mechanics has been developed.  Many good 
textbooks for transport phenomena (Bird et al. 2002) and, especially for reactive flows have been published (Law 2002, 
Williams 1985, Ueda 2002).   In recent years, the dynamics for non-steady state motion has been developed because the 
many non-steady state issues have been left which are important from energy and environmental viewpoints.   In some non-
steady state phenomena, the motion changes non-linearly, which improve the efficiency dramatically but in some cases it 
induces serious accidents.  Thus the non-linear dynamics is very important when we deal with non-steady state motion.  
The non-linear dynamics has been developed from 1980’s.  This development showed new focus on many fields 
including thermal engineering.  One of the important topics in the thermal engineering is the theory of dissipative structure.  
In the dissipative structure, a non-equilibrium state can make an ordered structure as a result of perturbation.  In the fluid 
dynamics, the understanding of chaotic motion of fluid introduced a new concept between laminar flow and turbulent flow.  
The non-linear dynamics related to fluid flow motion, especially for mixing has been mentioned in the textbook written by 
Ottino (Ottino 1989) 
  In the present paper, then, I would like to explain the basic concept of the non-linear dynamics in Chapter 2 and discuss 
about some topics of thermal and reactive flows, mixing and reaction in an eccentric flow field, mixing in Kenics static 
mixer, mixing in a non-element mixer and short term forward prediction in Chapter 3.  In Chapter 4, I will summarize an 
importance of the non-linear dynamics in thermal and reactive fluid flow fields.   
2. Basic concept of nonlinear dynamics 
2.1. Phase space, phase space diagram 
A phase space is defined as a space in which all possible states of a system are represented.  For simple mechanical 
systems, the phase space usually consists of all possible values of position and momentum variables.  A plot of position and 
momentum variables as a function of time is called a phase plot or phase diagram.  Figure 1 shows a schematic of phase 
diagram of simple mechanical system, which consists of position x and velocity v.  In thermal and reactive fluid flow 
systems, thermodynamic states, which consist of pressure, temperature, species concentration, are possible states in addition 
to position and momentum.  Figure 2 shows a schematic of a phase diagram of reactive fluid flow system, which consists of 
velocity v, temperature T and mass fraction of i species Yi. 
2.2. Dynamical motion of thermal and reactive fluid flow systems 
Variations in signals of dynamical motion of thermal and reactive fluid flow systems are shown in Fig. 3(a). When the 
flow velocity is low and the characteristic length is small, in other words the Reynolds number is small, the thermal and 
reactive fluid flow systems are very stable and the motion is steady state mainly because the viscous effect plays a dominant 
role.  All variables in a steady state motion are independent from time and the signal is flat with tine.  When the flow 
velocity is increased and/or characteristic length is increased, the convective effect gradually plays significant, and the 
motion becomes unstable and starts to vary with time and the periodic motion is observed.  The bifurcation of motion takes 
place and the bi-periodic motion is observed with further increase in the flow velocity and the characteristic length.  With 
further increase in flow velocity and characteristic length, the successive bifurcation of motion occurs and the motion 
becomes complex gradually and becomes unpredictable complex motion.  Here, the motion is a deterministic chaotic 
motion which means that the motion is a strictly deterministic time evolution, no matter how the motion is complicated.  In 
other words, the motion can be traced and predicted.  The motion finally becomes random which cannot be traced and then 
should be characterize by statistical methods with further increase in flow velocity and characteristic length. 
2.3.  Attractor 
In order to characterize dynamical motion, the attractor is useful.  The attractor is a phase space diagram that shows 
universal characteristics of the motion independent from initial conditions.  Figure 3(b) shows the attractors corresponding 
to signals in Fig. 3(a).  For the steady state motion, no variation occurs and then the attractor becomes point, which is 
referred to “point attractor”.  For the periodic motion, the attractor becomes closed cycle, which is referred to “limit cycle”.  
For the bi-periodic motion, the attractor becomes torus shape, which is referred to “torus attractor”.  For the chaotic motion, 
851 Toshihisa Ueda /  Procedia Engineering  56 ( 2013 )  849 – 856 
the attractor shows some structure but not easily traced.  The orbit does not come back to the previous one because the 
chaotic motion is not periodic.  The attractor of chaotic motion is referred to “strange attractor”.  As for the random motion, 
the attractor becomes random as well and no characteristics can be seen.   
2.4. Dimension 
Dimension is one of the values of characterize the phase space diagram quantitatively.  There are many ways to define 
the dimension in the non-linear dynamics.  One of familiar dimensions is a capacity dimension.  The capacity dimension is 
defined as, 
 
(1)  
 
 
here,  is the size of box to cover the figure and N is the number of box to cover the figure.  The important point on the 
dimension in the non-linear dynamics is that the chaotic motion have non-integer dimension, and then the dimension of the 
strange attractor is non-integer. 
2.5.  Poincare section 
A Poincare section is constructed by defining a surface of section in the phase space to simplify phase space diagram 
systematically.  In other words, it is a stroboscopic view of the phase space diagram.  Figure 3(c) shows the Poincare section 
corresponding to signals in Fig. 3(a).  As shown in limit cycle in Fig. 3(b), the Poincare section is that of the cross sectional 
image of attractor.   In fact, the cross sectional image of the limit cycle in Fig. 3(b), that is the Poincare section, is a single 
point as shown in Fig. 3(c) schematically when the direction of orbit is taken into account.   It is interesting to note that the 
limit cycle reduces to point, torus to limit cycle, strange attractor to reduced strange attractor, random motion to reduced 
random motion.   
2.6. Routes to Chaos 
One of the interesting issues in thermal engineering is that how the phenomena become unstable.   The non-linear 
dynamics addresses the variation of phenomena from stable to unstable condition as routes to chaos.  In fact, the fluid flow 
becomes unstable and becomes turbulent with an increase in flow velocity.  There are several routes.  One is the period-
doubling, which consists of a sequence of period-doubling bifurcations.  The stable periodic orbit bifurcates and two orbits 
are cleated and bifurcate again into for orbits.  After an infinite number of bifurcations, the system becomes chaotic.  The 
other is the one shown in Fig. 3.  The stable state system, which is shown by a point attractor, turns to the limit cycle, the 
periodic oscillation.  The limit cycle bifurcates to the torus attractor, which is characterized by two frequencies.  The 
bifurcation occurs subsequently and finally turns into the strange attractor.   
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Fig. 3.  Signal, attractor and Poincare map 
 (a) Signal (b) Attractor (c) Poincare Section 
 
 
 
 
 
point attractor 
limit cycle 
torus attractor 
strange attractor 
random motion 
Poincare section 
853 Toshihisa Ueda /  Procedia Engineering  56 ( 2013 )  849 – 856 
3. Non-linear motion in mixing and reaction 
3.1. Mixing and reaction in an eccentric flow (Sato and Ueda 2005) 
One of the familiar chaotic mixing motions can be observed in an eccentric flow as shown in Fig. 4(a).  High viscous 
fluid, Glycerin, is set in an outer cylinder and two reactants are set in parallel each other.  The outer cylinder and inner 
cylinder, which is set in an eccentric state, rotate alternatively in 180° with very low speed to remove instability from the 
fluid motion.  Figure 4(b) shows the flow motion without chemical reaction.  It is clearly seen that the stretching and folding 
occurs, which enlarges the fluid element.  It is also interesting to note that the regular region where the significant stretching 
and folding cannot be seen is formed as well.  Figure 4(c) shows the result with chemical reaction after 7, 10 and 20 
alternative rotations.  When the number of rotation is increased, the chemical reaction is enhanced.  It is interesting to note 
that the chemical reaction takes place where the complex stretching and folding significantly takes place.  In the regular 
region, on the other hand, the reactants are identified and no chemical reaction is observed.   
The motion of the eccentric flow can be analyzed.  The creep flow, in which no convective effect is considered, is 
assumed because the flow is induced by rotations of inner and outer cylinders and the fluid moved by the viscous effect.  
Figure 4(d) shows the bipolar coordinate used in the present analysis.  The velocity at any location can be obtained 
analytically by using the bipolar coordinate. Each reactant is simulated by 10,000 particles shown at n=0 in Fig. 4(e).  
Reactant Particles move with the velocity analyzed from the Lagrange viewpoint.  Results after 7, 10 and 20 alternative 
rotations are shown in Fig. 4(e).  It is interesting to note that the numerical results show quite similar pattern with 
experimental one, which indicates that complicated mixing and reaction patterns can be traced. 
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(e) with chemical reaction (Numerical) 
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Fig. 4.  Eccentric flow mixing and reaction 
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(d) Mixing and Reaction Pattern 
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3.2. Mixing in the Kenics static mixer (You et al. 2009-1) 
Figure 5 shows the mixing in the Kenics static mixer, which is representative mixing device being applied chaotic mixing 
theory.  Kenics static mixer is a continuous mixer shown in Figure 5(a) with element shown in Fig. 5(b) inside.  The mixing 
pattern is shown in Fig. 5(c).  Fluid is divided into two by each element and then the fluids is divided into small species in 
2n through n elements.  When the fluids pass 6 elements, fluids are divided into 64 small spices as shown in Fig. 5(c), which 
enlarges the boundary of two fluids.  Figure 5(c) also shows that numerical results well predict experimental ones.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3.3. Non-Element mixer (You et al. 2009-2) 
Non-element mixer is the continuous mixing device without elements inside developed by authors.   As mentioned in 
Sections 3.1 and 3.2, simple periodic motion is necessary to make a flow chaotic.  In the case of the eccentric flow, the 
simple periodic motion is realized by the alternative rotation of outer and inner cylinders.  In the case of the Kenics static 
mixer, the simple periodic motion is realized by the elements.   In the case of the non-element mixer, the simple periodic 
motion is realized by periodic injections of fluid from multiple side inlets.  The mixing pattern is visualized by a Planer 
Laser Induced Fluorescence (PLIF) method.  The fluorescent material is included in the side flow from inlet [1].  The 
stretching is significantly observed, especially in Fig. 6(b) and the folding is seen in Figs. 6(c) and 6(d).  The boundary 
between two fluids enlarge which enhances the molecular level mixing.  
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Fig. 5.  Mixing of Kenics static mixer 
Fig. 6.  Mixing of non-element mixer 
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3.4. Short term forward prediction (Gotoda and Ueda 2005) 
One of the important characteristics of non-linear dynamics is the possibility of short term forward prediction.  Figure 
7(a) shows the concept of the short term forward prediction.  When we have a time series data of a motion, we can make an 
attractor.  When we look into a local structure of the attractor, orbit lines are nearly parallel manner though lines don’t 
coincide with each other.  It means that we can consider the next motion will be similar to previous orbits.  Thus, the short 
term forward prediction can be done.   The experiments of the motion of the Bunsen flame tip have been done.  The motion 
of the Bunsen flame tip varies as a function of the angular velocity of the premixed mixture.  The experimental apparatus is 
shown in Fig. 7(b).  Figure 7(c) shows the comparison between the experimental results and the predicted results. When 
U=0.6m/s, the motion is periodic and then the predicted results fit very well with experimental results in 300ms. When 
U=1.1m/s, the predicted results fit with experimental results in about 50ms since the motion becomes complicated. This 
short term forward prediction for complicated motion will be useful to reduce serious accidents in chemical systems.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7.  Short term forward prediction 
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4. Summary 
Fundamentals of non-linear dynamics of thermal and reactive fluid flows and some typical topics are presented to show 
potential to improve chemical systems. The chaotic motion enhances the mixing drastically, which results in a downsizing 
of the chemical and thermal systems. The chaotic concept makes possible the short term forward prediction which may 
reduce the serious accidents of chemical and thermal systems.    
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